Recently it was suggested that stationary spin supercurrents (spin superfluidity) are possible in the magnon condensate observed in yttrium-iron-garnet (YIG) magnetic films under strong external pumping. Here we analyze this suggestion. From topology of the equilibrium order parameter in YIG one must not expect energetic barriers making spin supercurrents metastable. However some small barriers of dynamical origin are possible nevertheless. The critical phase gradient (analog of the Landau critical velocity in superfluids) is proportional to intensity of the coherent spin wave (number of condensed magnons). The conclusion is that although spin superfluidity in YIG films is possible in principle, the published claim of its observation is not justified.
I. INTRODUCTION
Spin superfluidity has already been discussed from 70s of the last century 1, 2 . Its investigation continues nowadays (see recent reviews in Refs. 3 and 4) . The interest to this phenomenon was revived after emergence of spintronics. Manifestation of spin superfluidity is a stable spin supercurrent. Experimental observation of it in magnetically ordered solids would be an essential breakthrough in the condensed matter physics. A spin supercurrent is proportional to the gradient of the phase ϕ (spin rotation angle in a plane) and is not accompanied by dissipation, in contrast to a dissipative spin diffusion current proportional to the gradient of spin density.
In general the spin current proportional to the gradient of the phase ϕ is ubiquitous and exists in any spin wave or domain wall, although in these cases variation of the phase ϕ is small (very small in weak spin waves and not more then on the order π in domain walls and in disordered materials). Analogy with mass and charge persistent currents (supercurrents) arises when at long (macroscopical) spatial intervals along streamlines the phase variation is many times larger than 2π. The supercurrent state is a helical spin structure, but in contrast to equilibrium helical structures is metastable.
An elementary process of relaxation of the supercurrent is phase slip. In this process a vortex with 2π phase variation around it crosses streamlines of the supercurrent decreasing the total phase variation across streamlines by 2π. Phase slips are suppressed by energetic barriers for vortex creation, which disappear when phase gradients reach critical values determined by the Landau criterion.
Recently Sun et al. 5 suggested (see also Ref. 6 ) that spin superfluidity is possible in a coherent magnon condensate created in yttrium-iron-garnet (YIG) magnetic films by strong parametric pumping 7 , and Bozhko et al. 8 declared experimental detection of spin supercurrent in a decay of this condensate. Although the experimental evidence of spin superfluidity was challenged 9,10 (see discussion in the end of the paper) the very idea of spin superfluidity in YIG films deserves a further analysis. In YIG the equilibrium order parameter in the spin space was not confined to some easy plane analogous to the order parameter complex plane in superfluids. The easy-plane order parameter topology providing a barrier stabilizing a supercurrent was considered as a necessary condition for spin superfluidity.
3,4 However, one cannot rule out that metastability of supercurrent states is provided by barriers not connected with topology of the equilibrium order parameter. The goal of the present paper was to investigate this possibility and to determine critical values of possible supercurrents at which metastability is lost.
The critical supercurrents are determined from the principle similar to that of the Landau criterion for superfluids: any weak perturbation of the current state always increases the energy, and therefore the current state is metastable. This requires an analysis of nonlinear corrections to spin waves in the Landau-Lifshitz-Gilbert (LLG) theory. But calculation of nonlinear corrections is based on knowledge of the wave pattern and the wave spectrum in the linear theory. It was revealed that the commonly accepted and used up to now the linear theory of spin waves in YIG films 5,11-13 must be revised. This was done properly taking into account boundary conditions at film surfaces. For films now used in experiments on coherent magnon condensation the boundary problem in the presence of exchange and magnetostatic interaction has an accurate analytical solution, which gives the wave pattern and the wave spectrum different from known before. This is important for the stability analysis of the magnon condensate with and without spin supercurrents.
Section II discusses connection of metastability of current states and topology of the order parameter space, which is a continuum of all degenerate ground states emerging from continuous symmetry (gauge symmetry in superfluids, rotational symmetry of the spin space in ferromagnets). It is also demonstrated how non-equilibrium state of spin precession supported by magnon pumping creates an effective "easy plane" for the order parameter, which allows metastable spin supercurrents. Section III reviews the LLG theory and the dispersion relation of lin-ear plane spin waves in YIG bulk. Section IV considers linear spin waves in YIG film and determines their pattern and dispersion relation solving the boundary problem in the presence of the exchange and the magnetostatic interaction. The result differs from known before, and the origin of this difference is discussed. Section V analyzes nonlinear corrections, which determine stability of the coherent magnon condensate and the distribution of magnons between two energy minima in the k space. The quasi-equilibrium approach fixing the total number of magnons does not predict stable condensate, in conflict with observation of the coherent condensate in experiments. It was suggested to modify the quasiequilibrium approach fixing magnon numbers condensed in any of two minima, but not only their total number. Finally Sec. VI derives critical gradients in supercurrents from the Landau criterion generalized on spin superfluidity. The last section VII discusses and compares the results of the present work with results of previous investigations.
II. TOPOLOGY AND SUPERFLUID SPIN CURRENTS
A knowledge on why superfluid currents can be metastable is provided by the analysis of topology of the order parameter space. Spin superfluidity was suggested by the analogy with the more commonly known mass superfluidity, and we start from discussion of the latter. At the equilibrium the order parameter of a superfluid is a complex wave function ψ = ψ 0 e iϕ , where the modulus ψ 0 of the wave function is a positive constant determined by minimization of the energy and the phase ϕ is a degeneracy parameter since the energy does not depend on ϕ because of gauge invariance. Any from degenerate ground states in a closed annular channel (torus) maps on some point at a circumference |ψ| = ψ 0 in the complex plane ψ, while a current state with the phase change 2πn around the torus maps onto a circumference (Fig. 1a) winding around the circumference n times. It is evident that it is impossible to change n keeping the path on the circumference |ψ| = ψ 0 all the time. In the language of topology states with different n belong to different classes, and n is a topological charge. Only a phase slip can change it when the path in the complex plane leaves the circumference. This should cost energy, which is spent on creation of a vortex crossing the cross-section of the torus channel and changing n to n − 1. The state with a vortex in the channel maps on the full circle |ψ| ≤ ψ 0 .
If we consider transport of spin parallel to the axis z the analog of the phase of the superfluid order parameter is the rotation angle of the spin component in the plane xy, which we note also as ϕ. Here we neglect the processes, which break rotational invariance in spin space (analog of gauge invariance in. superfluids) and violate the conservation law for the total spin. These processes can be of principle importance and were thoroughly investigated.
Mapping of current states on the order parameter space. a) Mass currents in superfluids. The current state in torus maps on a circumference of radius |ψ| on the complex plane ψ. b) Spin currents in an isotropic ferromagnet. The current state in torus maps on an equatorial circumference on the sphere of radius M (top). Continuous shift of mapping on the sphere (middle) reduces it to a point at the northern pole (bottom), which corresponds to the ground state without currents. c) Spin currents in an easy-plane ferromagnet. Easy-plane anisotropy contracts the order parameter space to an equatorial circumference in the xy plane topologically equivalent to the order parameter space in superfluids. d) Spin currents in an isotropic ferromagnet in a magnetic field parallel to the axis z with nonequilibrium magnetization Mz supported by magnon pumping. Spin is confined in the plane parallel to the xy plane but close to the northern pole. This plane is an "easy plane" of dynamical origin.
But in the present discussion their effect can be ignored for the sake of simplicity. In isotropic ferromagnets the order parameter space is a sphere of radius equal to the absolute value of the magnetization vector M (Fig. 1b) . All points on this sphere correspond to the same energy of the ground state. Suppose we created the spin current state with monotonously varying phase ϕ in a torus. This state maps on the equatorial circumference on the order parameter sphere. Topology allows to continuously shift the circumference and to reduce it to the point of the northern pole. During this process shown in Fig. 1b the path remains on the sphere all the time and therefore no energetic barrier resists to the transformation. Thus metastability of the current state is not expected.
In a ferromagnet with easy-plane anisotropy the order parameter space contracts from the sphere to an equatorial circumference in the xy plane. This makes the order parameter space topologically equivalent to that in superfluids (Fig. 1c) . Now transformation of the equa-torial circumference to the point shown in Fig. 1b costs anisotropy energy. This allows to expect metastable spin currents (supercurrents). They relax to the ground state via phase slips events, in which magnetic vortices cross spin current streamlines. States with vortices maps on a hemisphere of radius M either above or below the equator.
Up to now we considered states close to the equilibrium (ground) state. In a ferromagnet in a magnetic field the equilibrium magnetization is parallel to the field. However, by pumping magnons into the sample it is possible to tilt the magnetization with respect to the magnetic field. This creates a nonstationary state, in which the magnetization precesses around the magnetic field. Although the state is far from the true equilibrium, but it, nevertheless, is a state of minimal energy at fixed magnetization M z . Because of inevitable spin relaxation the state of uniform precession requires permanent pumping of spin and energy. However, if these processes violating the spin conservation law are weak, one can ignore them and treat the state as a quasi-equilibrium state. The state of uniform precession maps on a circumference parallel to the xy plane, but in contrast to the easy-plane ferromagnet (Fig. 1c) the plane confining the precessing magnetization is much above the equator and not far the northern pole (Fig. 1d) . One can consider also a current state, in which the phase (the rotation angle in the xy plane) varies not only in time but also in space with a constant gradient. The current state will be metastable due to the same reason as in an easy-plane ferromagnet: in order to relax via phase slips the magnetization should go away from the circumference on which the state of uniform precession maps, and this increases the energy. Then the plane, in which the magnetization precesses, can be considered as an effective "easy plane" originating not from the equilibrium order parameter topology but created dynamically. Further the concept of dynamical easy plane will be applied to YIG magnetic films with some modifications. They take into account that the spin conservation law is not exact due to magnetostatic energy and the precession is not uniform since spin waves in YIG films have the energy minima at non-zero wave vectors. In contrast to the equilibrium state, stability of the dynamically supported non-equilibrium state even without current is not for granted and must be checked.
In our discussion of topology we assumed that phase gradients were small and ignored the gradient-dependent (kinetic) energy. At growing gradient and gradientdependent energy, we reach the critical gradient at which barriers making the supercurrent stable vanish. For superfluids the critical gradient (critical velocity) is determined from the famous Landau criterion. The analogous criterion was also known for spin superfluidity in easy-plane anti-and ferromagnets.
3 In the present paper we derive this criterion for possible spin supercurrents in YIG magnetic films with the easy plane of dynamical origin.
III. LANDAU-LIFSHITZ-GILBERT THEORY AND LINEAR SPIN WAVES IN YIG BULK
The coherent state of magnons is nothing else but a classical spin wave, and one can use the classical equations of the LLG theory. In the LLG theory the absolute value of the magnetization vector M does not vary in space and time, and the classical LLG equations are reduced to two equations for only two independent magnetization components:
where γ is the gyromagnetic ratio and δH/δM x and δH/δM y are functional derivatives of the hamiltonian H. The third LLG equation forṀ z is not independent and can be derived from two equations (1). Instead of two real functions M x and M y one can introduce one complex function ψ = M x +iM y . The equation for ψ directly follows from and fully equivalent to the LLG equations (1) . By analogy with the theory of superfluids they call it the Gross-Pitaevskii equation.
There is another form of the equations in the LLG theory especially convenient for the analysis of spin transport. Magnetization dynamics is described in the terms of two independent variables, M z and the angle ϕ of the magnetization rotation around the z axis:
These are the Hamilton equations for the pair of conjugated canonical variables "moment-angle" analogous to the conjugated pair "momentum-coordinate". The first equation is the balance equation for magnetization along the axis z proportional to the z component of spin density, and we introduced the magnetization current j and the torque T z :
There was decades-long discussion of ambiguity in definition of the spin current. Ambiguity emerges because the continuity equation for M z contains the torque T z , which violates the spin conservation law. Indeed, one can add any vector b to the magnetization current j and compensate it by adding the divergence ∇ · b to the torque T z . This does not affect the final balance. There were numerous attempts to find a proper definition of the spin current. It was argued 3 that no definition is more proper than others. But some definition can be more convenient than others, and the convenience criterion may vary from case to case. The choice of definition should not affect final physical results like the choice of gauge in electrodynamics.
YIG is a ferrimagnet with complicated magnetic structure consisting of numerous sublattices.
14 However at slow degrees of freedom relevant for our analysis one can treat it simply as an isotropic ferromagnet 15 with the spontaneous magnetization M described by the hamiltonian
Here the first term is the Zeeman energy in the magnetic field H, the second term ∝ D is the inhomogeneous exchange energy, and the last one is the magnetostatic (dipolar) energy. Let us consider a spin wave in a YIG bulk propagating in the plane xz in a magnetic field H parallel to the axis z. In a weak spin wave
where M ⊥ = M 2 x + M 2 y , and the linearized equations of motion (1) arė
The equations look as integro-differential equations because of the magnetostatic term in the equation for M y . But applying the Laplace operator ∇ 2 to this equation makes this term purely differential. After exclusion of any of two component M x or M y one receives a differential equation of the 6th order.
For the plane wave with the frequency ω and the wave vector k(k x , 0, k z ) Eqs. (7) become
A solution of linear equations is an elliptically polarized running spin wave,
with the wave vector k(k x , 0, k z ) and the frequency
The energy density in the spin wave mode is
where M z is the averaged magnetization. In quantummechanical description the magnon density n m = E/ ω differs from the difference of M − M z only by a constant factor.
IV. SPIN WAVES IN FILMS, BOUNDARY CONDITIONS
A spin wave propagating in the film of thickness d parallel to the plane yz (Fig. 2 ) must satisfy the boundary conditions at two film surfaces x = ±d/2. Neglecting the exchange interaction ∝ D the spin wave reduces to a magnetostatic wave investigated in the past by Damon and Eshbach 16 . The boundary conditions are imposed on the magnetostatic magnetic field induced by magnetic charges 4π∇ · M (r) and determined from the equation
The magnetostatic field is curl-free and is given by
At any film surface the tangential component of the magnetic field h and the normal component of the magnetic induction h + 4πM must be continuous. For the magnetostatic mode M x ∝ m 0 cos k x xe ikzz−iωt the magnetostatic potential inside the film is
Outside the film at x > d/2 there is no magnetic charges and the magnetostatic potential must satisfy the Laplace equation ∆ψ = 0. Continuity of the tangential component of the magnetic field h z = ∇ z ψ at the film boundary requires continuity of ψ, and at x > d/2
H d Continuity of the normal component of the magnetic induction h x + 4πM x = ∇ x ψ + 4πM x also takes place if
This equation determines discrete values of k x for magnetostatic modes of Damon and Eshbach 16 .
In our case the exchange interaction cannot be ignored, and this imposes additional boundary conditions. One cannot satisfy all boundary conditions by a single plane wave and must consider a superposition of plane waves with the same frequency ω and the wave number k z but with different values of k x .
The differential equations are of the 6th order in space. Correspondingly the dispersion relation (10) at fixed ω and k z is a characteristic equation of the 6th order with respect to k x but is tri-quadratic (cubic with respect to k 
These values correspond to evanescent modes confined to surface layers of rather small width l d . Close to the surface x = d/2 the boundary conditions are satisfied by a superposition of three modes:
where p ± = ik ± are real and positive and a ± are amplitudes of two evanescent modes.
The exchange boundary condition for unpinned spins
Repeating derivation of the magnetostatic boundary condition done above for magnetostatic modes one obtains
Equation (19) shows that the amplitudes of evanescent modes are of the order a ± ∼ k x sin kxd 2 /p ± . Then their contribution to the magnetostatic boundary condition (20) by a small factor k z /p ± ∼ k z l d less than the other terms and can be ignored. Eventually we return back to the equation (16) for k x obtained for magnetostatic waves of Damon and Eshbach 16 without effects of exchange interaction. Thus even though evanescent modes are indispensable for satisfying all boundary conditions they do not affect the shape of the wave in the most of the bulk.
At large k z d Eq. (16) yields k x = π/d, and in the bulk the magnetization components M x ∼ cos k x x and M y ∼ cos k x x vanish at the film surfaces. This automatically satisfies the exchange boundary conditions M x = M y = 0 for pinned spins without adding evanescent modes. Ignoring narrow surface layers where evanescent modes can be important, the plane wave propagating in the film plane is
independently from the exchange boundary conditions. The wave frequency is
This dispersion relation differs from the spin-wave spectrum derived for YIG films by Kalinikos and Slavin 11 and widely used in the past, in particular, in articles addressing Bose-Einstein condensation and spin superfluidity in YIG films 5, 12, 13 . Kalinikos and Slavin 11 received a dispersion relation, in which the term 2πM (1 − e −kzd )/k z d replaces the magnetostatic contribution in our dispersion relation (22) 
2 ). Instead of solving differential equations Kalinikos and Slavin 11 approximately solved the integro-differential equations. They approximated the magnetization distribution in space by a superposition of functions, which do not satisfy differential equations in the bulk. This is easily seen in the recent simplified derivation of their spectrum by Rezende 13 . Rezende approximated a spin wave in the film bulk by a superposition of plane-wave modes with different values of k x as in our solution (our axis x correspond to the axis y of Rezende and vice versa). But Rezende's k x were not roots of the characteristic equation of the relevant system of differential equations. As a result, frequencies of modes in his superposition differ one from another and from the frequency given by the dispersion relation. In particular, two of his modes have values k x = ±ik z , for which k 2 = k The spectrum of Kalinikos and Slavin and the spectrum Eq. (22) are compared in Fig. 3 . Quantitate difference between two spectra is not so dramatic. More important is that our analysis predicts an essentially different distribution of magnetization across the film. The component M x normal to the film approaches to zero close to the film surface (but still outside narrow boundary layers, where evanescent modes are important). On the other hand, according to Rezende 13 , in the approxi- 
Comparison of the linear spin-wave spectrum in a YIG film calculated by Kalinikos and Slavin 11 (curve 1) and in the present paper (curve 2). Here ωL = γH is the Larmor frequency.
mation of Kalinikos and Slavin 11 variation of M x across the film is negligible. This is important for evaluation of nonlinear corrections, which determine stability of supercurrent states investigated further in the paper.
Inaccuracy of the theory of Kalinikos and Slavin 11 has already been noticed by Kreisel et al. 18 . They calculated numerically the linear spin-wave spectrum in the microscopic theory and revealed that the numerically calculated spectrum lies lower than the spectrum of Kalinikos and Slavin as curve 2 in Fig. 3 calculated in the LLG theory. Agreement between the microscopic and macroscopic LLG theory is not surprizing since all scales relevant for our analysis are larger than atomic.
V. COHERENT MAGNON CONDENSATE AND ITS STABILITY
By strong parametric pumping Demokritov et al.
7
were able to create a coherent state of magnons condensed at states with lowest energies with non-zero wave vectors, which was called a magnon Bose-Einstein condensate. A condition for emerging of the magnon condensate is that magnon-magnon interactions violating the spin conservation law are much weaker than interactions thermalizing the magnon gas. Despite the magnon gas required at least weak pumping for compensation of lost spin (magnons) it was treated as a quasi-equilibrium gas with fixed total number of magnons (see below). The energy and the frequency ω(k z ) given by Eq. (22) have two degenerate minima 15 at finite k z = ±k 0 where magnons can condense (Fig. 4) . Here
In the linear theory the distribution of magnons between two condensates is arbitrary and does not affect the total energy (at fixed magnetization M z , i.e., at fixed condensate magnon density). But non-linear corrections lift this degeneracy. 19 Let us consider the effect of a nonlinear term ∝ M 4 ⊥ in the expansion for M z :
The energy density of the condensate spin wave as a func-
For the running wave given by Eq. (21) (all magnons condensate in one minimum) M ! rents in observation of a decaying magnon condensate prepared in a YIG magnetic film by magnon pumping. The major problem with this claim is small total phase variation along streamlines of the supposed current realized in the experiment. Bozhko et al. applied a temperature gradient to the magnon BEC cloud, which led to a difference δω of the frequency of magnetization precession (phase rotation velocity) across the condensate cloud. This produced a total phase variation δϕ = δωt across the BEC cloud growing linearly with time t and generating spin currents. For the maximal δω = 2π ×550 rad/sec and the maximal life time t = 0.5 µsec of the condensate in the experiment of Bozhko et al. 8 (see their Fig. 5 ) one can conclude that the total phase variation δϕ never exceeded about 1/3 of the full 2π rotation. As discussed in introduction, only currents with large number of full 2π rotations along streamlines deserve the title of "supercurrent" manifesting spin superfluidity.
One might consider it as a purely semantic issue. But calling any current ∝ ∇ϕ supercurrent demonstrating spin superfluidity would reduce spin superfluidity to a trivial ubiquitous phenomenon. Currents produced by such small phase variations cannot relax via phase slips and are trivially stable. They emerge in any spin wave or domain wall. Any inhomogeneity produces them, and they must present in the experiment of Bozhko et al. 8 but in contrast to authors' claim they have nothing to do with the macroscopic phenomenon of superfluidity.
In summary, spin superfluidity in YIG films is possible in principle, although the recent report on its experimental observation 8 is not founded. Metastability of spin supercurrents in this material is provided by energetic barriers not of topological but of dynamic origin, which depend on intensity of a nonlinear spin wave describing the coherent magnon condensate.
It is worth noting that at growing magnetic field in YIG films the orientational phase transition takes place from the state with the total and sublattice magnetizations along the magnetic field to the state, in which magnetizations deviate from the magnetic field direction and have large components in the plane normal to the magnetic field.
15 This is a state with easy-plane anisotropy, for which spin superfluidity have been predicted. But this requires magnetic fields ∼ 10 5 G, which are orders of magnitude larger than fields nowadays used in experiments on magnon condensation.
